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Abstract:  One important way in which mathematicians can contribute to mathematics education 
is to provide connections between mathematics and daily activities of which students who are 
involved in a traditional mathematics curriculum would be completely unaware.  For example, 
students are aware that elections are taking place, perhaps even in their schools and classrooms, 
but are unaware that there is more mathematics in elections than simply counting votes.  In this 
article, four election issues are discussed, each providing an example of how mathematical 
reasoning can be used to help ensure that the resolution of the issue is as fair as possible to all 
who have a stake in the issue.  For each issue, the article includes a taste of how the topic might 
be introduced in the classroom in a way that is engaging to the students, and the opportunities for 
researchers to investigate students’ understanding of the mathematics in the topic, the growth of 
students’ reasoning and problem-solving abilities, and the impact on the students’ disposition 
toward and about mathematics.  Each of the four election issues are appropriate for upper 
elementary and middle school students, as well as for high school students. 
 
Section 0:  Rationale 

Why is this article appearing in a collection addressed to researchers in mathematics 
education?   

On the one hand, the issues raised here are closely related to the topics of ratios and 
proportions, and one might reasonably investigate whether looking at those traditional 
mathematical topics through the lens of elections enhances students’ understanding of those 
topics.   

On the other hand, as will be seen in this article, questions involving elections are often 
open-ended and do not always have easy answers – indeed, sometimes the answers are 
paradoxical – so students will eagerly engage in discussions of which proposed solution is indeed 
the fairest and how should one deal with paradoxes.  How does involvement in such activities 
and discussions improve students’ problem solving and reasoning abilities?   

Finally, working on these topics will move students away from the universal assumption 
that every mathematical problem has one right answer.  What effect does looking at 
mathematical situations where there is no single right answer have on students’ perception of 
mathematics, particularly when the best answer may be paradoxical? 

You may already be familiar with the mathematics of elections, but I want to convey in 
this article how relevant and timely these topics are, and how eagerly the students whom you 
teach or study will react to these issues.  Even if they are not ready to investigate the global 
issues involving elections, they will certainly be eager to see how mathematics deals with issues 
of fairness, since fairness is personally important to students at every grade level. 

For each of the four election issues discussed in this article, some important questions 
from the perspective of the researcher are: 

1. To what extent have students understood the importance of fairness in that election issue 
and the role of mathematics in ensuring fairness? 



2 
 

2. How has studying mathematical approaches to fairness changed their attitudes toward 
mathematics? 

3. To what extent are students’ perspectives about mathematics modified as a result of 
exposure to a situation where many of the problems are open-ended and where there is 
no clear-cut mathematical solution to the questions asked? 

4. To what extent does the discussion of this election issue enhance the students’ 
understanding of, and appreciation for, the role that mathematics plays in the everyday 
world? 

5. To what extent does this material support students’ understanding of traditional topics, 
such as fractions and proportions? 

 
Section 1:  Introduction 

To simplify matters, this article is focused on the issues that arise in electing a 
parliament, that is, a legislative body, and thereby avoids the issues dealing with the unusual 
conditions in electing a president in the United States and other countries.  Typically, a 
legislature has a fixed number of members, and often each member represents a specific 
geographical portion of the country. In the United States, for example, there are 435 seats in the 
House of Representatives, which is the “lower” house of the legislature; the upper house of the 
legislature is called the Senate, and together the House and the Senate are called the Congress.  
The 435 seats in the House are “apportioned,” that is, divided, among the 50 states according to 
the population of the states in the most recent counting of the people (called a “census”).  Each 
state must then divide itself into a number of districts that is equal to the number of seats that 
have been apportioned to it in the legislature, as a result of the census.  Even if the number of 
seats apportioned to a state is the same as it had before, the states must each draw districts that 
are equal in population “as nearly as is practicable.” (Wikipedia, 2020)  Because of population 
shifts revealed in the census, each state has to undergo this “redistricting” process every ten 
years, according to the Constitution of the United States, the constitutions of the individual 
states, and theoretically in a way that is seen as fair. 

Thus, among the issues to be dealt with are: 
1. How can you conduct a census so that the numbers you generate fairly represent the 

populations of the various states, and why is it difficult to get numbers that are precise?  
2. Once the population of the various states have been determined, how can you apportion 

(distribute) the seats in the legislature fairly among the states? 
3. Once apportionment has taken place, how can you divide each state fairly into the 

appropriate number of districts? 
4. Which voting method should be used in each district, if there are 3 or more candidates, to 

determine which of the candidates most fairly represents the will of the people in that 
district? 
All of these questions are challenging to answer, yet all involve elementary mathematics. 

The answers to these questions, as well as the questions of “Who is able to vote?” and “How 
should the votes be tabulated?,” all depend on political decisions made at various governmental 
levels, but ideally those political decisions are based on a mathematical analysis of the issues. 
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All of these questions can and should be discussed by students so that they understand the 
mathematics underlying the structure of the elections that affect their lives.  Since most of school 
mathematics is presented as if it is devoid of social relevance, researchers in mathematics 
education may want to examine the impact on students’ affect of tying mathematics to issues of 
social relevance. 
  
Section 2.  Census – Counting the Number of People 

 A census is a count of the number of people in a specified group or in a specified 
geographical area.  Censuses have been taken for thousands of years; they are even referred to in 
the Bible.  In Biblical times, each Israelite was supposed to contribute a half of a shekel each 
year toward the maintenance of the Temple in Jerusalem.  This method of counting the people 
was flawed because the only people who were counted were those who both had the resources to 
contribute half a shekel and were willing to do so.  In the United States, having to pay in order to 
be counted or to vote (participate in the “polls”) was a method used by southern states to 
decrease the number of freed slaves who were able to vote after the Civil War ended in 1865; the 
“poll tax” was finally abolished in 1964 by the 24th amendment to the United States Constitution. 

Taking a census seems like a simple matter.  You just count the number of people in each 
legislative district.  It does not seem more complicated than counting the number of pieces of 
candy in a package or the number of balls in a jar.   

We learn to recite the numbers in order at a very early age, and then we learn to use the 
numbers to count a small collection of objects a year or two later.  Once we see the utility of the 
numbers, we learn to recite larger and larger numbers, but we don’t use them to count larger sets 
of objects, so we never imagine that counting a large number of objects is any harder than 
counting a small number of objects.  So we do not understand why taking a census is 
complicated or why determining who won the election is not always easy.  

It is important that our students know that it is not easy to get a precise count and that that 
lack of precision applies both to counting people in a census and to counting votes in an election. 
 In the United States, a census is conducted every ten years … in those years that are 
divisible by 10.  This census is called for in the Constitution of the United States, since a census 
is necessary in order to ensure that each state is represented by a number of legislators that is 
proportional to its population, that is, its fair share of the legislators.  It is also necessary in order 
to ensure that each state receives its fair share of resources that are distributed from the national 
government to the states, based on their populations.   

Many other countries take a census on a regular basis.  France has been conducting 
censuses since 1772, initially every 5 years but more recently every 10 years, the last in 2016.  
The United Kingdom also takes a census every 10 years and is currently conducting the 2021 
census.  Kenya’s 8th census, also taken every ten years, was conducted in 2019.  Japan takes a 
census every five years, in years that are a multiple of 5.  Other countries, like Spain, do not have 
a national census; their changes in population are measured by combining their average birth 
rate, average death rate, and average migration rate.   

In 2009 and early 2010, the United Nations conducted a survey to collect information on 
methods used by countries or areas in the planning and implementation of their population and 
housing censuses during the decade that began with 2010. The survey also collected information 
on challenges that countries or areas faced or expect to face in the implementation of their 
censuses for the 2010 round as well as on aspects of the census process in which they may have 
expertise (United Nations Statistics Division, 2011). 
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 How is a census conducted?  If you want to be sure you have counted every person, then 
you need to go door-to-door to each living unit and count all the people in each unit in each 
residential structure.  But that method by itself is problematic for a number of reasons, including 
the following: 

 No one may come to the door.  In that case, how many times do you come back and 
knock on the door before you give up and decide that no one lives in the house? 

 There are people who are overlooked. 
o Those who have no home. 
o Those who unintentionally avoid the census taker (see below). 
o Those who intentionally avoid the census taker (including those who fear the 

consequences of providing personal information to the government, those who are 
politically opposed to taking a census, and those who want to be anonymous as 
possible, perhaps because they are in hiding.) 

 If someone has two residences, at which residence are they counted?    
o People who have a regular residence and a summer residence. 
o Students who live at school for part of the year and at home for the rest of the 

year. 
o People who move from one residence to another during the year. 

If the count is not conducted carefully, people in this third group could be counted twice 
– if the census taker finds them at both locations – or not at all – if the census taker misses them 
at both locations.  They may not even be aware that they were not counted; these are the 
unintentionally uncounted. 

One way of avoiding counting people twice is to pick a fixed date – April 1 is used for 
the United States census – and count people according to where they live on that date … even if 
the census taker arrives before or after that date.  Although relying on a fixed date avoids 
counting people twice, it does not avoid overlooking people in the count.  

Although double counting – where people are counted more than once – may be a 
problem in the census, the major problem with the census is under-counting – where people are 
not counted at all.  Using statistical methods it was found that nearly 16 million people were 
omitted in the 2010 U.S. census (about 5% of the population), that the under-count varied in the 
50 states from 2.6% (in Iowa) to 8.9% (in Mississippi), and that “large cities tend to have higher 
omissions rates than the rest of the country.”  (O’Hare, undated) 

Since we know that the population is under-counted when only classical methods are 
used, why are statistical methods not used in the United States to improve the count?  The 
answer is simple; the language of the U.S. Constitution can be interpreted to rule out statistical 
methods.  Why not interpret the Constitution to allow statistical methods, since that is possible?  
The answer is complex:  Those most under-counted are immigrants, homeless people, students, 
and people of color, all of whom are concentrated in the major urban areas.  The census is used 
not only to determine how the seats in the legislature are apportioned to the states, but also to 
distribute federal funds to the states in proportion to their populations; thus the more rural states 
benefit financially from the under-counting of people in more urban states.  Since more states are 
generally rural than urban (in the 2010 census, 2/3 of the United States population was located in 
only 16 of the 50 states, calculated from Wikipedia, 2021), those who prefer the traditional 
interpretation of the Constitution have more power in the Senate than those who prefer a more 
mathematically oriented interpretation. 



5 
 

What statistical methods can be used in counting populations?  One method that can 
easily be understood by students and that fits well into the usual mathematics curriculum is often 
called the “capture-recapture” method.  This method is actually used to estimate the population 
of deer in an area or the population of fish in a lake.  You begin by capturing a modest number of 
deer in the area and marking them in some way.  Let us say that you capture and mark 150 deer.  
Then you start over and capture another 100 deer.  You notice that, of the second 100 deer, 13 
were captured and marked previously; these deer are considered “recaptured” or “recounted.”   

Then you can reason as follows:  Of the second group, 13% were marked.  Since the 
second group of 100 deer was selected randomly from all the deer, we can conclude that 13% of 
all deer were marked.  That is, if P is the population of all deer, then .13P = 150, that is, the 150 
deer originally captured were 13% of the entire population of deer.  Using elementary algebra, 
we find that P = 150/.13 = 1,154; that is, there are about 1,154 deer in the area.  Of course this 
answer is an approximation, but if we are counting deer in the area, then it is good enough.  And 
of course, we can get a better approximation if we increase the number of deer captured in either 
the first round or second round.  However, we must keep in mind the cost of the count; the more 
deer we intend to capture, in either the first round or the second round, the more it costs to 
estimate the size of the population. 

We were able to get a reasonable estimate of the number of deer, that is 1,154, by 
actually knocking on only 150 + 100 = 250 doors.  This is a simple way of understanding why 
statistical methods can provide good answers, whereas the answers obtained from the classical 
method, knocking on doors, will often result in under-counting the population. 

The particular example described above can be used as a real-life application when 
discussing proportions, since   

 
# of deer originally counted            # of deer recounted 
---------------------------------- = ----------------------------------------  
       # of deer altogether              # of deer in second group 
 

In our example above, the number of deer in the second group was chosen to be exactly 100, so 
that the right-hand side of the equation becomes a percent, but that need not have been the actual 
number in the second group.  In the general situation, if the first group has F deer and the second 
group has S deer, and the number of recounted deer is R, then the above equation becomes  F/P = 
R/S, and its solution is P = F*S/R. 
 

What does all this have to do with classrooms, children, and the learning of mathematics? 
Well, a version of this activity can be introduced when children are learning about ratios 

and proportions.  Each child receives a container that contains a large and unknown number N of 
copies of a particular object, which we will refer to as Cheerios.  The task is to determine the 
number of Cheerios in the container, to determine what approximately is the value of N.  The 
child counts out a specific number C of Cheerios, and replaces them with an equal number of 
chocolate Cheerios; they are the same size and shape as the original Cheerios but are visually 
recognizable as different because of their different color. 

After the replacement takes place, the child mixes the Cheerios in the container, mixes 
them again, and then takes out a few handfuls of Cheerios.  The child then counts the number CC 
of chocolate Cheerios and the total number R of Cheerios that have been removed from the 
container. 
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Since the chocolate Cheerios are the same size and shape as the original Cheerios and 
since the Cheerios in the container were well mixed, we can assume that the chocolate Cheerios 
are randomly distributed in the container and therefore that the proportion of chocolate Cheerios 
in the child’s hand is the same as the proportion of chocolate Cheerios in the container.  The 
proportion of chocolate Cheerios in her hand is CC/R.  The proportion of chocolate Cheerios in 
the container is C/N.  Thus C/N = CC/R.  If we solve this equation for N we get N = C*R/CC. 
Of course, this is the same equation as what was obtained earlier, and has the same solution. 

The students of course do not yet know about populations and censuses, and do not know 
that this is “the same solution.”  After doing this activity, and perhaps after some time has 
passed, the students might discuss where this technique can be used, and may discover by 
discussing a question of how many fish are in a pond that the method above can be used to 
determine both the population of animals in the wild and underreported people in the census.  
From there, the class should go to a discussion of the census in their country, and whether it 
fairly counts all people in the country.  The goal of this discussion is for the students to come to 
the paradoxical conclusion that although theoretically the best count of the population is obtained 
by actually counting each person, in practice, to obtain the best count of the population statistical 
methods must also be used.   

The significance of getting an accurate count – of avoiding under-counting – is 
highlighted by the following news item (New York Times, April 26, 2021):  “New York’s 
congressional delegation will shrink by one seat after the 2022 election, the Census Bureau 
announced on Monday, but the state came excruciatingly close … if New York had counted 89 
more people last year than the 20,215,751 who were tallied, it would have held on to the seat.” 

From the perspective of the researcher, all of the questions raised in Section 0 are 
relevant to the census issue, and the question of conducting the census fairly.  To summarize:   

1. Have the students understood the importance of fairness in conducting a census and the 
role of mathematics in ensuring that the census was conducted fairly? 

2. Has this election issue enhanced the students’ understanding of, and appreciation for, the 
role that mathematics in the everyday world? 

3. To what extent does this activity enhance students’ understanding of statistics, as well as 
their understanding of ratios and proportions?  (If this activity is done with older 
students who have a background in statistics, the students might discuss how reliable the 
estimate is, that is, what are reasonable bounds on the estimate, and what could go 
wrong, that is, whether the samples taken are indeed random samples of the population.)  

 
Section 3.0.  Pre-Apportionment 

We will begin this section with a classroom example and then relate it to the topic of 
apportionment.   

Suppose that three people paint a room, A works for 3 hours, B for 5 hours, and C for 7 
hours.  They are paid with a certain number N of identical coins.  What is the fairest way for 
them to divide the N coins among themselves? 

This situation can be presented to the students and they can be asked to investigate the 
question for different values of N, and see what solutions they can propose for the fairest way of 
dividing the coins.  They might well arrive at the following analysis:   
 If N is 15, the solution is obvious:  A gets 3, B gets 5, and C gets 7.  Similarly if N is a 
multiple of 15, for example if N is 60:  A gets 12, B gets 20, and C gets 28.  But what if N is not 
15 or a multiple of 15?  Then each person should get the appropriate portion of N.   
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 Since A did 3/15 of the work, A should get 3/15 of N. 
 Since B did 5/15 of the work, B should get 5/15 of N. 
 Since C did 7/15 of the work, C should get 7/15 of N. 

Suppose N is 19.  Then  
 A should get 3/15 of 19, which is 57/15, which is 3 12/15 
 B should get 5/15 of 19, which is 95/15, which is 6 5/15 
 C should get 7/15 of 19, which is 133/15, which is 8 13/15 

The total of these three amounts is 17 30/15, which is exactly 19.  However we can’t split the 
coins into pieces, and we can’t make change.  We can give out 17 of the coins – 3 to A, 6 to B, 
and 8 to C – but what should we do with the two remaining coins?  One possibility is to round up 
those who have a fraction that is ½ or more.  That is, round 3 12/15 up to 4 and round 8 13/15 to 
9, but leave 6 5/15 at 6.  That is, A would get 4 coins, B would get 6 coins, and C would get 9 
coins; a total of 19 coins would thus be allocated. 
 The teacher may need to point out that this method may not always work, since the 
number of fractions that would be rounded up may not equal the number of unallocated coins, 
and may suggest that they find a similar method that does always work:  If there are K 
unallocated coins, give them to the K people who have the largest fractions; since there are two 
coins unallocated in the example where N is 19, give them to the two people with the largest 
fractions, namely, A and C. 
 Once students become proficient at allocating the coins for different values of N and even 
with various numbers of workers and hours, they can be directed to consider the situation when 
N is 22 and then 23.  For N = 22, the following happens:  

 A should get 3/15 of 22, which is 66/15, which is 4 6/15 
 B should get 5/15 of 22, which is 110/15, which is 7 5/15 
 C should get 7/15 of 22, which is 154/15, which is 10 4/15 

Here we give 4 coins to A, 7 coins to B, and 10 coins to C, a total of 21 coins; one coin is 
unallocated and it goes to A who has the largest fraction, namely, 6/15.  The result is that  

A gets 5 coins, B gets 7 coins, and C gets 10 coins. 
For N = 23, the following happens: 

 A should get 3/15 of 23, which is 69/15, which is 4 9/15 
 B should get 5/15 of 23, which is 115/15, which is 7 10/15 
 C should get 7/15 of 23, which is 161/15, which is 10 11/15 

Here we give 4 coins to A, 7 coins to B, and 10 coins to C, a total of 21 coins; two coins are 
unallocated and they go to C who has the largest fraction (11/15) and B who has the second 
largest fraction (10/15).  The result is that  

A gets 4 coins, B gets 8 coins, and C gets 11 coins. 
 This outcome is a paradox:  When the number of coins is increased from 22 to 23, A is 
allocated a smaller portion of the coins for N = 23 than he had for N = 22. 
 This paradox actually has a name; it is called the “Alabama paradox” for a reason soon to 
be revealed. 
 The students should discuss this paradox and whether its existence invalidates the 
fairness of this method of allocating resources.   

After doing this activity, the students might discuss where this technique can be used, 
which is whenever a number of identical items have to be divided fairly among several entities, 
each of which can claim a fraction of the total.  For example, suppose that four towns have hired 
a football coach to lead a weeklong summer camp for their students; if 30 students can attend 
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this camp and the towns have contributed different portions of the fee, then how many students 
from each of the towns may attend the camp?  

The students should then be exposed to a unit on apportionment (Section 3.1), perhaps 
taught by an instructor with a background in government and policy together with their 
mathematics instructor, and to problems and paradoxes that arise in apportionment. 

From the perspective of the researcher, all of the questions raised in Section 0 are 
relevant to the census issue, and the question of conducting the census fairly.  To summarize:   

1. Have the students understood the importance of fairness in dividing a number of identical 
items among several entities? 

2. Has this election issue enhance the students’ understanding of, and appreciation for the 
role of mathematics in the everyday world? 

3. What changes in students’ perspectives and affect about mathematics has resulted from 
their exposure to mathematical paradoxes? 

 
Section 3.1.  Apportionment 

Each country has its own political structure and its own regulations about how voters 
elect the members of its legislature, but here are some assumptions that we will make in this 
article in order to describe the features that the different countries have in common.  In a 
classroom setting, the actual information about the country’s political structure should be elicited 
from or presented to the students.  We will assume here that  

1. Each country is divided into a modest number of separate geographical entries, which we 
will call provinces – in the United States there are 50 states, in Canada there are 12 
provinces, in Italy there are 20 regions that are divided into 110 provinces, in Egypt there 
are 27 governorates, etc.   

2. Each province is further subdivided into a number of legislative districts. 
3. The legislature consists of one representative from each of the legislative districts in each 

of the provinces. 
4. The number of people residing in each legislative district is about the same, so that each 

legislator represents about the same number of people.  (This may be difficult to achieve 
in reality, so that this assumption should really be considered a goal.)   

5. A census is conducted periodically to find out how many people live in each province, 
each legislative district, and each of the geographical regions within each legislative 
district. 

6. The census is used to determine how many seats in the legislature should be allocated to 
each province, in such a way that the number of seats assigned to each province should 
be approximately proportional to the number of people in that province.   

For example, the population in each of the four provinces – A, B, C, and D – in a certain country 
and the total population of the country are given in the first two columns of the table below:   

Province Population % of total
A 106,845 26.2
B 83,706 20.5
C 124,737 30.6
D 92,345 22.7
Total 407,633 100.0
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In the next column, we obtain the percentage of the total population of the country in each of the 
four provinces by dividing the population of each province by the total population.  We interpret 
this as saying that Province A should have about 26.2% of the seats in the legislature, that 
Province B should have about 20.5% of the seats in the legislature, etc.  How can we make that 
happen? 
 The students in the class should discuss this question and might come up with a number 
of interesting answers.  They might decide to create a legislature with 1000 seats, and assign the 
four provinces 262, 205, 306, and 227 seats, respectively.  This is the solution presented in the 
“Seats #1” column in the table below.   

They may conclude that the problem with this solution is that a legislature of this size is 
too big to accomplish anything other than have a ceremonial role, and decide to cut the size of 
the legislature to a more manageable size, say 100, and give each province a number of 
representatives that is exactly its percentage of the total population, as in the “Seats #2” column 
in the table below.  Thus, for example, province A has 26.2 seats in the legislature.   

They may then realize that each legislator is a whole person, and you can’t have .2 of a 
legislator, and suggest that the numbers be rounded, as in the “Seats #3” column.  Two problems 
arise – one is that the total number of seats may change, as in the “Seats #3” column where there 
are now 101 seats, and another is that two provinces (in a different example) might both merit 26 
seats, one that has 26.4% of the total population and the other has 25.5% of the total population; 
the province with the larger population might argue that it deserves one seat more than the one 
with the smaller population, since it has 1% more of the total population that the other province.   

There are of course many other ways than simple “rounding” to apportion the seats 
among the provinces, one of which appears in the “Seats #4” column, where each province just 
gets the one seat for each one percent of the total population that it contains, and the extra 
fraction of one percent of the population that it contains is ignored.  In this solution, only 98 seats 
would be assigned. 

  
Province Population % of total  Seats #1 S - #2 S - #3 S - #4  
A 106,845 26.2 262 26.2 26 26 
B 83,706 20.5 205 20.5 21 20 
C 124,737 30.6 306 30.6 31 30 
D 92,345 22.7 227 22.7 23 22 
Total 407,633 100.0 1000 100.0 101 98 
 
The students may observe that the legislature of the country might have a fixed number 

of seats, perhaps determined by the size of the building where the legislature meets.  If the 
number of seats is fixed, then one question that has to be discussed is for which provinces should 
the number of seats be rounded up.  Thus, for example, we might say that if one state has 32.8% 
of the population and another has 18.6% of the population, then the first state should be more 
deserving of the extra seat than the second because its fractional seat of 0.8 is greater than 0.6, 
which is the fractional seat of the second; or we might say that the second state is more deserving 
since in proportional terms its extra population is .6/18 = 1/30, which is greater than the extra 
population of the first state, which is .8/32 = 1/40.  
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Alternatively, the students may decide that it would be best to experiment with the total 
number of seats and find that for the example above, the best number of seats – the one that 
results in an apportionment that is fairest – is perhaps 137. 

In the United State, the House of Representatives has had 435 seats since 1913.  
(Exception:  New states each received one seat when they were added, although the total number 
of seats returned to 435 after the next census.)  What was the reason for fixing once and for all 
the number of seats?  The population of the United States had been increasing substantially and 
the response each decade had been to increase the size of the legislature, but apparently the size 
of the legislature was getting too large, so the legislature decided to place a cap on its own size. 

As a result, after each census, the apportionment of seats must stay with a total of 435 
seats.  What method of apportionment is used?  Several of the “founding fathers” of the United 
States proposed their own methods of apportionment – Thomas Jefferson, Alexander Hamilton, 
and John Quincy Adams – and there was great debate about their proposals.  Apparently the first 
time that the first President, George Washington, exercised his right to veto legislation was to 
reject Alexander Hamilton’s apportionment proposal, which had been approved by the 
legislature.  A number of different methods were used over the years, but problems were found 
with each method.  For example, the “Alabama paradox” was discovered in 1880, when census 
calculations found that if the total number of seats in the United States House of Representatives 
were hypothetically increased, this would decrease Alabama's seats from 8 to 7.  This led to 
abandoning the Hamilton method of apportionment in favor of a method proposed by Daniel 
Webster.  In 1941 it was decided to use a method developed by two mathematical scientists, 
Edward Huntington and Joseph Hill, and their method has been used for the past 80 years. 
 I have not provided here detailed descriptions and analysis of the various methods of 
apportionment – they can be found online, and in publications (Bennett 1986)(Malkevitch 
2007)(COMAP 2016)(Rosenstein 2017) – but rather to give a flavor of the kinds of discussions 
that can take place in a secondary classroom of the question “What is the fairest way to apportion 
the seats of the legislature?” 
 
Section 4.  Redistricting 

In this section we discuss problems related to redistricting and gerrymandering.  This is a 
topic that combines social issues such as fair representation with mathematical topics involving 
geometry (including partitioning) and proportions.  Like the topics of the other sections, this 
topic should result in animated classroom discussions and should actively involve students in 
reasoning and problem solving. 

Imagine that the state of Fredonia has been allocated five seats in the legislature, and now 
has to partition the state into five districts, each of which will elect its own representative.  How 
shall it do that?  That is called the redistricting problem. 
 Let us look at a very simplified example, consisting of the next four diagrams.  This 
example, entitled “How to Steal an Election,” was created by Steven Nass and appears in 
(Wikipedia, Gerrymandering) and (Rosenstein 2017). 
 Fredonia has 50 towns arranged in a 5x10 grid, as pictured below, each with 
approximately the same population.  The 30 towns on the top typically vote for the blue party 
and the 20 towns on the bottom typically vote for the red party.  In other words, about 60 percent 
of the towns are blue and about 40 percent of the towns are red. 
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You might think that, in a fair solution of the redistricting problem, 3 of the state’s 5 

representatives should be blue, since 60 percent of its towns vote blue, and 2 of the state’s 5 
representatives should be red, since 40 percent of its towns are red. 

But the people whose task it is to redistrict the state may have other objectives in mind.  
For example, if the redistricting is done by members of the blue party, their goal might well be to 
maximize the number of blue representatives, so they might divide the state up as in the 
following map, where each town is assigned to one of the five districts referred to as 1, 2, 3, 4, 
and 5: 
 

1 1 2 2 3 3 4 4 5 5 
1 1 2 2 3 3 4 4 5 5 
1 1 2 2 3 3 4 4 5 5 
1 1 2 2 3 3 4 4 5 5 
1 1 2 2 3 3 4 4 5 5 

 
Each of the five districts consists of two columns of the grid, which contain 6 blue towns 

and 4 red towns, and so will always vote for the blue candidate.  As a result of this redistricting 
plan, Fredonia would always send 5 blue representatives and 0 red representatives to the 
legislature.  That is not fair! 

On the other hand, if the redistricting is done by members of the red party, their goal 
might well be to maximize the number of red representatives, so they might divide the state up as 
in the following map, where again each town is assigned to one of the five districts referred to as 
1, 2, 3, 4, and 5: 
 

2 2 2 2 2 4 4 4 4 4 
2 1 1 3 2 4 3 5 5 4 
2 1 1 3 2 4 3 5 5 4 
2 1 1 3 3 3 3 5 5 4 
1 1 1 1 3 3 5 5 5 5 

 
  In this map, districts 1, 3 and 5 each have six red towns and four blue towns, and so will 

each send a red representative to the legislature, each by a relatively small margin.  On the other 
hand, the red redistricters have managed to pack districts 2 and 4 each with 9 blue towns and 1 
red town, so they will each send a blue representative to the legislature by a huge margin.  As a 
result of this redistricting plan, Fredonia would send 3 red representatives and 2 blue 
representatives to the legislature.  That’s not fair either, since the majority of the towns in 
Fredonia are blue.   

Is it possible to redistrict Fredonia so that it will likely have 3 blue and 2 red 
representatives?  Here is one way of doing that: 
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2 2 2 2 3 3 4 4 4 4 
1 1 2 2 3 3 4 4 5 5 
1 1 2 2 3 3 4 4 5 5 
1 1 1 2 3 3 4 5 5 5 
1 1 1 2 3 3 4 5 5 5 

 
In districts 1 and 5, the blue towns are outnumbered by the red towns by 6 to 4, so these 

two districts will likely elect red representatives.  In districts 2 and 4, the blue towns outnumber 
the red towns by 8 to 2, and in the remaining district 3 by 6 to 4, so these districts will likely 
have blue representatives.  So if our criterion for fairness is that 3 out of Fredonia’s 5 
representatives should be blue and 2 should be red, then we have succeeded in achieving that 
criterion through this redistricting plan. 

Of course, the red towns in the 8 to 2 districts will not be happy since they will probably 
never be able to be represented by a red representative, so they will feel that they have been 
treated unfairly.  But the goal was to treat fairly the state as a whole, not necessarily to provide a 
solution that would enable each town to conclude that it had been treated fairly. 

Is it always possible to redistrict a state so that each the likely number of representatives 
elected from each of the parties will be the same proportion of the representatives as the 
proportion of voters in the state supporting that party?  The answer is No!  In the United States  
state of Massachusetts, the Republican party typically gets about 30% of the votes in legislative 
elections.  However all 9 of Massachusetts’ representatives in the United States House of 
Representatives are Democrats.  Is that because the state was divided into districts in an unfair 
manner?  Apparently not, according to (Duchin et al., 2019), who generated many possible 
redistrictings of the state and found that in all redistrictings, all of the state’s representatives 
would likely be Democrats!  Why did that happen?  It happened because the Republicans in the 
state were essentially distributed uniformly throughout the state, so that there were few “red 
towns” in the state, as was the case in the example we considered previously.        

From the example considered in detail above, we see that the task of redistricting the state 
should not be in the hands of the legislature or the governor of the state, since their primary goal 
might not be to ensure fairness, but might rather be to maximize the number of legislative seats 
their party can win. 

However, in 32 of the 43 states in the United States that do redistricting – the other 7 
states each has only 1 representative – the legislature and the governor still have the authority to 
do the redistricting.  In the other 11 states, redistricting is delegated to a bipartisan group (half 
Republican, half Democrat, with an independent chair), although in 4 of those states, the panel’s 
recommendations are subject to legislative approval.   

The rules that all redistricting efforts have to follow are reasonably simple and 
commonsensical.  The districts should have approximately the same population, they should be 
reasonably compact, they should be contiguous – that is, not disconnected geographically – and 
that, taken as a whole, the districts should provide an outcome that represents the whole state 
(like the 3 to 2 division in the Fredonia example), and does not discriminate against minorities. 

The abuses against these simple rules in the United States have been numerous.  
Following the 1810 census, the governor of Massachusetts, Elbridge Gerry, redistricted the state 
in such a way that one of the districts was recognized by a cartoonist as having the snake-like 
shape of a salamander, which is long and thin like a lizard.  That led to the term 
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“gerrymandering,” the process of creating districts of unusual shapes in order to benefit your 
own political party.  

Once the results of the 2020 census are announced in the United States and the House of 
Representatives is apportioned according to the Huntington-Hill method, we will see whether the 
states will redistrict their states fairly, or whether they will resort to gerrymandering in order to 
redistrict their states primarily to benefit their own parties. 

There appears to be no algorithm that will result in the fairest possible redistricting. That 
means that each redistricting situation is, in a sense, a separate problem.  So it is particularly 
important for each redistricting problem to be in the hands of a group of people whose main 
interest is to ensure that the solution is as fair as possible.  Even a bipartisan group as described 
above will typically not result in the fairest solution because its mode of operation is often that 
two proposals are presented, one by each of the parties, and the independent chair picks the 
fairest of the two proposals; the result is the fairest of the two proposals, not the fairest solution. 

A consequence is that there is not much to teach about redistricting, since solving the 
redistricting problem is a matter of general problem solving.  However, an interesting set of 
activities that discuss the topic can be found at the online site called “The ReDistricting Game” 
(Annenberg Center).  You might try the following activity, where each task is to divide the state 
into five contiguous districts.  (Consider whether your answers depend on how you define 
contiguous, and which definition of contiguous makes the most sense.)  Of the 25 towns in the 
following grid, 9 are blue and 16 are red.   

1. Can you divide the state into five districts all of which would likely elect a red 
representative?  

2. Can you divide the state into five districts, four of which would likely elect a red 
representative and one of which would likely elect a blue representative? 
 

     

     

     

     

     

 
3. Can you divide the state into five districts, three of which would likely elect a red 

representative and two of which would likely elect a blue representative? 
4. Can you divide the state into five districts, two of which would likely elect a red 

representative and three of which would likely elect a blue representative? 
5. Can you divide the state into five districts, one of which would likely elect a red 

representative and four of which would likely elect a blue representative? 
The students should be exposed to a unit on redistricting, like that discussed above, 

perhaps taught by an instructor with a background in government and policy together with their 
mathematics instructor, and to the kinds of problems and puzzles that arise in redistricting. 

From the perspective of the researcher, all of the questions raised in Section 0 are 
relevant to the redistricting issue, and the question of redistricting each state fairly.  To 
summarize:   
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1. Have the students understood the importance of fairness in dividing a state into a specific 
number of districts, and the role of mathematics in ensuring that redistricting is conducted 
fairly? 

2. To what extent are students’ perspectives about mathematics modified as a result of their 
exposure to problems that have no clear-cut mathematical solution? 

3. To what extent does this application enhance the students’ understanding of, and 
appreciation for, the role that mathematics plays in the everyday world? 

 
Section 5: Voting Methods 

To determine the winner of an election one has to combine the preferences of many 
people in a group to arrive at the preference of the group.  The same issue is the decision about 
where a group of people should have dinner, as is the issue of determining which film should 
receive an award as the best film of the year.  

If an election involves only two candidates, then whichever candidate has the most votes 
wins the election, since a majority (over 50%) of the voters preferred that candidate to his or her 
opponent.  But if there are three or more candidates, none of the candidates may get a majority of 
the votes, and that means that none of the candidates is preferred by a majority of the voters.  
What can be done in that case?  One possibility is to let the election stand and therefore to install 
someone in office without majority support, or go to a restaurant about which most members of 
the dinner party have reservations. 

Indeed, it is possible that there could be three candidates, two of which got 33% of the 
vote and the third got 34% of the vote; then the person elected would have the support of only 
slightly more than 1/3 of the voters.  

Another possibility, which is usually adopted, precisely because it avoids winners with 
the support of only a minority of the voters, is to have a second election (called a “run-off 
election”) in which only the two leading candidates are on the ballot and every voter has to 
choose between them (or not vote).  Whoever wins the run-off election will have majority 
support, if not a majority of those eligible to vote then a majority of those who actually voted.   

A recent example of this occurred in the 2020 election for Senator in the United States 
state of Georgia.  Because a Senator resigned in the middle of his term of office for reasons of 
health, there were two contests at the same time for Senator in Georgia; in one contest, the two 
major candidates were the Democrat Jon Ossoff and the Republican David Perdue and, in the 
other, the two major candidates were the Democrat Raphael Warnock and the Republican Kelly 
Loeffler.  We will review only the Ossoff/Perdue contest; the other had a similar outcome.   

In the election on November 7, 2020, out of the 4,952,440 ballots cast, Ossoff received 
2,374,519 votes (47.9% of the total) and Perdue received 2,462,617 votes (49.7% of the total), so 
that although David Perdue almost got 50% of the votes, he failed to actually get 50%, so that a 
run-off vote was necessary.  Most of the remaining votes in the initial election went to a third 
party candidate, Libertarian Shane Hazel, who received 115,039 votes; it is reasonable to 
suppose that had he not been in the election, most of those who voted for him would have voted 
for Perdue and, as a result, Perdue would have won the initial election.   

In many elections in the United States today, the votes for the two top candidates are very 
close together, so the presence of a third party candidate often reduces the votes for one of the 
two leaders and, as a result, denies that person the victory he or she sought; the third party 
candidate is thus often referred to as a “spoiler.”  Georgia law requires that a candidate receive a 
majority of the votes, and thus mandates a run-off election.  That took place on January 5, 2021 
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and in that election, out of 4,484,902  ballots cast, Ossoff received 2,269,923  votes (50.61% of 
the total) and Perdue received 2,214,979  votes (49.39% of the total), so that Ossoff won the 
election and is now a Senator representing Georgia.   As a result of this election and the other 
run-off election, also in Georgia, the Democrats regained control of the United States Senate.  

In the run-off election, both candidates received fewer votes than in the November 
election and about 10% of the voters in November didn’t vote in January; it is peculiar that 
2,462,617  votes was not a majority in the initial election, but that 2,269,923 votes was a 
majority in the run-off election.  These data highlight a problem with run-off elections:  The 
number of people who vote in run-off elections is generally fewer than those who vote in the 
original election – in this example, the main attraction of the November election was the contest 
between Joseph Biden and Donald Trump for President, which was not the case in the run-off 
election.  So it is sometimes difficult to say that the run-off election better reflects the voters than 
the initial election. 

The run-off elections could have been avoided in two ways had Georgia law called for 
elections to take place under different rules.   
a) Approval Voting.  Instead of asking voters for their first choice only, Georgia could have 

asked voters to check all candidates of whom they “approved.”  The ballot might have looked 
like this, and voters would be expected to indicate those candidates that they approved by 
entering a check-mark, by writing “yes” or by clicking on “yes”:  

Candidate Approval – Yes/No 
Jon Ossoff  
David Perdue  
Shane Hazel  

Then all Ossoff voters would have approved “Ossoff,” all Perdue voters would have 
approved “Perdue,” and all Hazel voters would have approved “Hazel.”  But it is reasonable 
to assume that a substantial percentage of the Hazel voters would also have approved Perdue.  
Indeed, Perdue needed only 2,476,220 + 1 votes to be approved by a majority of voters, and 
that required approval from only 2,476,221 - 2,462,617 = 13,604 of the Hazel supporters.  
Thus “approval voting” would have resulted in victory by Perdue, with no run-off election. 

b) Preference Ballot.  Instead of asking voters for their first choice only, Georgia could have 
asked voters to indicate their second (and third) choice as well.  This kind of ballot is called a 
“preference ballot” since each voter is asked to indicate his or her preferences in the ballot.   

As in the actual November election, there would have been 2,374,519 ballots in which 
Ossoff was the first choice, 2,462,617 ballots in which Perdue was the first choice, and 
115,039 ballots in which Hazel was the first choice.   As in the November election, no 
candidate would have received a majority of the votes.  But the preferential ballots could be 
used to simulate a run-off election without having to actual conduct a run-off election.   

How would that be done?  As in a run-off election, the third place candidate would be 
eliminated.  But now we can look at the preference ballots of each voter whose first choice 
was Shane Hazel, and assign that voter’s vote to his second choice; thus each ballot like  

Candidate Ranking 
Jon Ossoff 2 
David Perdue 3 
Shane Hazel 1 
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would be assigned to the voter’s second choice, namely Jon Ossoff, and each ballot like 

Candidate Ranking 
Jon Ossoff 3 
David Perdue 2 
Shane Hazel 1 

would be assigned to the voter’s second choice, namely David Perdue.   
Since most of those who voted for Shane Hazel would probably have listed David Perdue 

as their second choice, it is likely that “preference voting” would also have resulted in victory 
for David Perdue. 

Either of these two methods – approval voting or preference voting – would have avoided 
a run-off election, and its considerable expense, and would have involved all those who voted in 
November, not just those who turned out for the run-off election.  Either of these methods would 
have resulted in the election of a Republican Senator and would have left the Senate under 
Republican control, and would thereby have had a major impact on the political situation in the 
United States.  So a decision of how an election is conducted can have considerable 
consequences. 

These two methods are used in a variety of non-political circumstances where there needs 
to be a fair way of arriving at a decision of a group by taking into consideration the views of the 
individuals in the group.  Many organizations, for example, use approval voting to elect the 
members of their boards.  That is, they will propose a number of candidates for the N available 
positions and ask members of the organization to indicate by a certain date which of the 
candidates they approve.  Once the deadline has passed, the votes will be tabulated and those N 
candidates who received the most approval votes will be elected.   

Another example: If eight people are planning to go out for dinner, and five restaurants 
are under consideration, they might use an approval ballot and go to the restaurant that is 
acceptable to the most people; there may indeed be one that is acceptable to everyone.   

However that restaurant, though acceptable to everyone, might have been no one’s first 
or even second choice.  It may make more sense to use a preference ballot, where each person 
indicates in order his five choices among the available restaurants; then we can assign points 
based on these ratings and choose the restaurant that gets the most points.  For example, we can 
assign 5 points to each first place vote, 4 points to each second place vote, 3 points to each third 
place vote, 2 points to each fourth place vote, and 1 point to each fifth place vote.  With this 
point system, the restaurant receiving the most points in the table below is Restaurant A, which 
has 27 points, so that would best reflect the preferences of the eight people … according to this 
point system.   

 
 #1 #2 #3 #4 #5 #6 #7 #8 
Rest A 1 5 2 4 4 2 2 2 
Rest B 2 2 4 5 2 1 4 5 
Rest C 3 3 3 2 3 3 3 3 
Rest D 5 4 1 3 1 5 5 1 
Rest E 4 1 5 1 5 4 1 4 
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However, that point system doesn’t particularly favor restaurants that are the first or 
second choices, and results in five scores that are very close to one another.  If we wanted to give 
greater weight to the first and second choice of each person, we could, for example, assign 8 
points for each first place vote, 6 points for each second place vote, and, as before, 3, 2, and 1 
points for each third, fourth, and fifth place vote, respectively.  Again, the restaurant receiving 
the most points is Restaurant A, with 37 points, but under this point system, Restaurant C is the 
least desirable of the choices and the difference between the score of Restaurant A and 
Restaurant C is substantial, whereas under the previous point system, Restaurant A barely 
outscores Restaurant C. 

This type of method – where each voter ranks the choices and specific numbers of points 
are awarded for each first-place vote, for each second-place vote, etc. – is used in a variety of 
circumstances.  For example, to select the winner of the Eurovision Song Contest, the 
professional jury from each participating country awards 12, 10, 8–1 points to their 10 favorite 
songs, and the televoters from that country do the same.  Thus each participating country 
generates two preferential ballots that are combined with the ballots from the other participating 
countries.  To select the winner of the Oscar, the best-film-of-the-year award of the Academy of 
Motion Pictures, each eligible voter is asked to rank all of the nominees for best picture in order; 
the film with the lowest number of first-place votes is discarded, and those votes go to the second 
preference in each of those ballots.  This process is repeated until one film has a majority of first-
place ballots.  Similar systems are used to select the lists of top teams in various sports.  

There are other methods for determining which candidate or candidates are declared the 
winner in an election where each voter completes a preference chart, and these methods are 
discussed online, and in (Malkevitch 1999) (COMAP 2016).   

However, there is no system for tabulating preferential ballots that is completely fair!  
This striking conclusion, proved in 1952, is known as Kenneth Arrow’s Impossibility Theorem:  
If there are three or more candidates in an election, there is no method of tabulating the 
preference charts that will always satisfy four fairness criteria that were formulated in the 1940s 
if none of the candidates is the first choice of a majority of the voters. 

The students should be exposed to a unit on voting, like that introduced above, and that 
includes all the voting systems based on preferential ballots. 

From the perspective of the researcher, all of the questions raised in Section 0 are 
relevant to the issue of voting methods, and the question of whether the voting method used 
makes it possible to arrive at a fair conclusion about the preference of the voters.  To summarize:   

1. To what extent have students understood the importance of fairness in deciding on a 
system for combining preferential ballots into a group decision? 

2. To what extent have students understood the role of mathematics in ensuring that voting 
is conducted fairly? 

3. To what extent are students’ perspectives about mathematics modified as a result of their 
exposure to a situation where there is no clear-cut mathematical solution to the question 
of what is the fairest way to conduct an election? 

4. To what extent does this application enhance the students’ understanding of, and 
appreciation for, the role that mathematics plays in the everyday world? 

 
Section 6.  Conclusion 
 This article advocates for the inclusion of topics from the mathematical theory of 
elections into the traditional curriculum.  These topics will link the mathematics that students 
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learn in the classroom with the ways in which that mathematics is used in the real world, in 
particular with the world of government, politics, and policy.  Because of their intrinsic interest, 
these topics will also stimulate students’ problem solving and reasoning.  The examples that I 
give make use of information about politics and life in the United States; I hope that mathematics 
educators will adapt the material for use in their own countries. 
 However, it is clear that such topics will not be added to the traditional curriculum 
without the support of mathematics researchers who can make the case that such topics would be 
of benefit to students, to their learning of mathematics and to their appreciation and 
understanding of mathematics. I hope that by writing this article, I will encourage some 
mathematics educators to conduct research that will help justify the claims made in the preceding 
paragraph.  
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